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Abstract - -Given a convex Jordan curve C, we present a method which computes the numerical 
approximation f the rotation number of a planar map whose invariant curve is C. It does not require 
any numerical pproximation f the invariant curve, but just exploits the order by which the iterates 
of the map are generated. Numerical examples are reported and discussed. 
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1. INTRODUCTION 
We already presented a method for the numerical approximation of the rotation number of circle 
maps [1,2], and moreover, we applied it to the solution of the hyperbolic Dirichlet problem [3]. 
Here, we extend our method, in a modified version, to the numerical approximation ofthe rotation 
number of planar maps F : R 2 --* R 2. Iterations of the map correspond to evolution in time; if 
x E R 2 is the initial state of the system, then Fn(x) is its state after n units of time. An orbit 
for F is a bi-infinite sequence of points xn such that xn+l = F(xn) for all n. We assume that F is 
one-to-one and continuous in polar coordinates x = (r, ~); thus, the coordinates of Fn(x) become 
The rotation number of the point x is defined as the following limit, when it exists: 
a(x) = lim 
n--+oo 27rn" 
The problem of the numerical evaluation of the rotation number of planar maps was already 
studied (e.g., see [4,5]). Here, we recall just that for homeomorphism of the circle the rotation 
number is independent of the initial point, whereas for planar maps it can depend on the initial 
point, unless the attractor A is an invariant circle. Indeed, when the rotation number is not 
unique, then A cannot be a circle. 
Here, we restrict to the case when the attractor emains topologically a circle. 
In [5], the rotation number of planar maps is computed by Van Veldhuizen by means of polygo- 
nal approximation of the invariant curve; our method does not need to approximate the invariant 
curve at all. We just compute a convenient, relatively small number of iterates of the consid- 
ered planar map and we exploit  the order  by  which they  are generated  to numer ica l ly  
approx imate  the  ro ta t ion  number .  
In Section 2, we recall some known definitions and results concerning arbitrary topological 
transformations of a Jordan curve into itself; they will be used in the following sections. 
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In Section 3, we prove the main theorem which assures the convergence ofthe numerical method 
to the exact value of the rotation number; the approximation error can be estimated by means 
of an upper bound immediately computable. 
In Section 4, we present some numerical results relating to well-known planar maps. 
2. TRANSFORMATIONS OF  A CLOSED CURVE INTO ITSELF  
Here, we recall some known results concerning arbitrary topological transformations T of a 
Jordan curve C into itself [6, p. 145]. 
Call P and Q two different points of C. They define an ordered pair which determines uniquely 
an open set I = (P, Q); say R any point of C such that R E I, then P, R, Q determine the positive 
sense on C. Moreover, say TP  is the image point of P under the transformation T, and T I  the 
set of image points of I. T is called even if it preserves the sense, i.e., T(P, Q) = (TP, TQ); on 
the contrary T is called odd, then T(P, Q) = (TQ, TP).  P is a periodic point of T if there is an 
n > 0, such that P = TnP; the smallest such n is called period of P. 
If T is any even one-to-one continuous transformation of C into itself, only one of the following 
cases holds. 
(i) All points of C are periodic: T is periodic. 
(ii) The points of C can be either periodic and nonperiodic: T is semiperiodie. 
(iii) No point of C is periodic, and for any point P, the set of iterates P, TP, T2p, . . .  is never 
dense on C: T is intransitive. 
(iv) No point of C is periodic, and for some point P, the set of iterates P, TP, T2p, . . .  is 
everywhere dense on C: T is transitive. 
In the following, we will be interested just in Cases (i) and (iv). However, we remark that 
when the transformation T can be represented in the form ~ = f(s),  using length of arc s as a 
parameter, and if ~ is continuous and of bounded variation, Case (iii) cannot occur. 
Concerning Case (i), we recall that all the points have the same period n. If P is any point, 
the points P, TP , . . . ,  Tn - IP  divide C into n nonoverlapping arcs. 
Concerning Case (iv), it is well known [7,8] that T is topologically equivalent to a rotation of a 
circle. Indeed, there exists an irrational number a and a one-to-one continuous ense-preserving 
map h(P) of the point P of C on the point e 2Èit (where t = h(P)) of the unit circle in the 
complex plane, such that h(TP) = h(P) + a (mod 1). The constant a is necessarily irrational 
and is uniquely determined (mod 1) by T and is called the modul of T. In the context of dynamical 
systems, it is called the ro ta t ion  number  of T. 
The map h, called conjugating function, is uniquely determined on C (mod 1), except for an 
additive constant, which can be uniquely determined by the condition that h(0) = 0. 
At last, concerning the curve C, we will restrict ourselves to the case of a Jordan curve convex 
in x- and y-direction, that is a simple closed curve intersected in at most two points by every 
parallel to the x- or y-axis. 
3. MAIN  THEOREM 
Here, we extend our results reported in [1,2] relating to circle maps. Indeed, we prove a new 
convergence theorem referring to planar maps. 
In the following, we use the notation used in the cited papers. We recall it briefly, together 
with some convenient adjustments. 
Let F be a planar map for each integer n > 0, we call xl = F(xo) , . . . ,  Xn = F'~(Xo) the first 
n iterates of xo: an orbit for F (1 < i < n). Starting from the initial point x, and following 
the sense of the orbit, we can assume that xj > xi when xj follows xi in the sense of the orbit. 
When we consider the invariant curve C of F, in the case where it is a closed Jordan curve, we 
can choose one of the xi E C, say xt, t >_ O, such that it is considered the origin point of C. 
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Therefore, following the sense of the curve just once until we again get the origin point, we can 
rename the indices such that xt = Xo and x~ = xi-t ,  1 < i < n - t. Obviously, we can take t = 0 
when all the points of the orbit lie on C. Sorting the set of indices in ascending order, we obtain 
another set of indices associated to the previous ones, say G~, 1 < i < n - t. 
Moreover, we define 
f 0, i fG i<Gj ,  l< i<n- t ,  
inv(i, J) / 1, i fG~>Gj ,  l <_j < n - t ,  i < j. 
Define height of the integer Gi as follows: 
i -1  
ht(G1) = O, ht (G~) = E inv(r, r + 1). 
r= l  
Call h the index such that Xh = minxi,  and k the index such that xk = maxxi;  it follows that 
Gh ---- 1 and Gk = n. 
Let us show an example to clarify the notation used. 
Consider an array of five elements ordered in ascending way, say (x4, x3, xl,  Xh, x2). Then, 
the array of indices is (4,3,1,5,2), and the array G is (3,5,2,1,4). Moreover, x4 = minxi  =~ h = 4, 
G4 = 1; x2 = maxxi  =~ k = 2, G2 = 5. Thus, ht(G1) = 0, ht(G2) = O, ht(G3) = 1, ht(G4) = 2, 
ht(Gh) --- 2. For example, G3 = 2 provides the number of indices j such that xj < x3: they are 
exactly two, i.e., 4, 3. 
About the circle maps, we considered separately the case of rational rotation number and the 
case of irrational rotation number .  Therefore, theorems proving the convergence properties can 
be found in separate papers, respectively, [1,2]. However, we implemented a single numerical 
algorithm which works for both cases. 
For planar maps, the numerical approximation of the rotation number either rational or irra- 
tional, is based on the following theorem. 
THEOREM 1. Let F be a planar map F : R 2 ~ R 2 with an invariant curve C which is supposed 
to be a convex Jordan curve; let the rotation number of F be either rational or irrational and 
unique. Let N any positive integer, x E R 2, xj = FJ(x), 1 <_ j <_ N the j th iterate o fF (x )  and 
F an orientation preserving map. Then, the geometric order of the set ofx i ,  xi E C, 1 < i < 1V, 
<_ N,  allows us to define four scalars A, a, B, b which provide the numerical approximation of 
the rotation number a of the map F in the fo110wing way. 
(i) I ra  is irrational, 
A B 
- < a < - .  (1 )  
a b 
(ii) Ha  is rational, say a = p/q, when 1V < q, then 
when/Y _> q, then either 
A B 
- < a < (2) 
a b-'  
A B A B 
- = a <  or - < a = - .  (3) 
a b" a b 
In all the cases, qA 1 
- -  - < (4 )  a ~"  
PROOF. If the invariant curve C is a clockwise convex Jordan curve, we can always find a 
coordinate transformation such that whatever is the considered origin point xo, it becomes the 
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new origin, and the new y-axis makes the transformed curve C' embedded entirely in the positive 
x-half  plane. 
If the original curve C is counterclockwise oriented, the coordinate transformation has just to 
be reversed in order to preserve the orientation. 
Obviously, the transformed curve C retains the topological properties of the original curve. 
We deal with Cases (i) and (ii) separately. 
CASE (i). a IRRATIONAL. 
We can see the map F as a transformation of the invariant curve C into itself. 
I f  such a transformation is transitive, the irrational rotation number a is uniquely determined 
by the map F which is topologically equivalent o a rotation of the circle, as we pointed out in 
the previous section. Moreover, by means of the initial coordinate transformation, we assure that  
h(0) = 0 corresponds to the origin of the new coordinates; thus, the conjugating function h is 
uniquely determined. 
It follows [8] that  the geometric order of the points of the orbit of F on the invariant curve is 
equal to the geometric order of the points { ia} ,  1 < i < N - t = /9 ,  where t is the index of the 
origin point on the invariant curve and {ia} denotes the fractional parts of the numbers ia. 
Actually, if n and n + 1 are two subsequent positive integers, since 0 < a < 1, it is easy to see 
that  
[(n + 1)a] = [na] + 1 ~-~ {(n + 1)a} < {na},  
[(n + 1)a] = [na] ~-~ {(n + 1)a} > {na},  
where [na] indicates the integral part  of na and {na} its fractional part. 
From our observation about  the geometric orders, we have: 
inv(n,n + 1) = [(n + 1)a] - [na], 
and consequently, 
[na] = [na] - 0 = [na] - [(n - 1)a I + [(n - 1)a] . . . . .  [2a I + [2a] - [a] + [a l 
n--1 
-- ~ inv(i, i ÷ 1) -- ht(Gn). 
i= l  
I f  h and k are integers such that  Xh = min xi and Xk = max xi, 1 < i < /9, respectively, it 
follows: 
[ha] = ht(Gh) = ht(1), 
[ka] = ht(Gk) = ht(/9). 
Incidentally, we remark that  {ha} and {ka} are the smallest and the largest value of {ia}. 
As [ha] < ha, then [ha]/h < a. Moreover, ka  - [ka] < 1, then a < (1 + [ka]/k). 
From that,  if we set A = [ha] = ht(Gh), a = h, B = [ka] + 1 = ht(Gk) + 1, and b = k, 
(1) follows. 
Clearly, the four scalars A, a, B, b are strictly related to the continuous fraction expansion of a,  
i.e., a -- [0, ~1, t92,. . . ,  Oi , . - .  ], where z9 i are positive integers. As usual, we denote by Pm/qm the 
convergents of a,  m > -1 .  If we take the greatest integer m such that  qm + qm-1 g /9 ,  from a 
result by Slater [9, p. 1120], we have with the same notation, that /9  can be expressed uniquely 
as /9  = (n + 1)qm + qm-1 + c where 0 < c < qm and 0 < n < ~)m+l. Moreover, if m is even 
h = qm, [ha] = Pro, 
k = (n ÷ l)qm ÷ qm-1, [ka] ÷ l = (n ÷ l)pm ÷ Pm_l, 
if m is odd, h is interchanged with k, [ha] with [ka] + 1. 
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This allows us to prove that IA/a-B/b] < 1/f i .  Indeed, IAb-Bal = II1 as they are consecutive 
terms of the Farey sequence; moreover both the denominators a and b are less or equal to f i ,  
thus (4) follows. 
CASE (ii). c~ RATIONAL. 
We can see again the map F as a transformation of the invariant curve C into itself, but in 
the case the transformation is periodic. The rational rotation number a can be expressed as p/q, 
where p, q are integers. The points xi E C, 1 < i < f i  are clearly not all distinct. In spite 
of that, following our definition, the numbers Gi are still all distinct integers and both inv(i , j )  
and ht(Gi) can be correctly defined. Therefore, we can still compute [ha] and [kc~] by means of 
ht(Gh) and kt(Gk), respectively. 
When f i  < q, the proof is essentially the same as in the irrational case. 
When /V = q, according to whether m = q -  1 is even or odd, we have a -- b = fig and 
A = [ha] = [fiR] or b = h = f i  and B = [hc~] = [fia]. Therefore, we can have either 
[fiR] (1 + [ka]) (1 + [ka]) [fiR] 
- c~< or <oL< - -  
N k k 9 
When f i  > q, the ratio which provide the exact value of a is not altered any longer, whereas 
the other one changes periodically, because xi always assume a limited set of values with a certain 
period. 
Concerning (4), the proof is the same as in the irrational case, as the ratios A/a and B/b are 
still consecutive terms of the Farey sequence. | 
REMARK 1. The hypothesis that the invariant curve C is a convex Jordan curve assures that 
the curvature of C varies continuously along the curve. Therefore, when a is irrational, the 
transformation cannot be intransitive (Section 2, Case (iii)) and can be only transitive. 
REMARK 2. The hypothesis that the rotation number is unique assures that when a is rational, 
the transformation cannot be semiperiodic (Section 2, Case (ii)) and can be only periodic. 
REMARK 3. The results of the theorem do not depend on the initial point of the orbit nor on 
the chosen origin point on the invariant curve C, provided that the index t is large enough to 
guarantee that xi, 1 < i < N = N - t lie on C. 
REMARK 4. The upper bound (4) can be improved, if the irrational a satisfies a Diophantine 
condition; however, we do not assume that condition because we deal with the most general case. 
Actually, the upper bound (4) is really too large. Indeed, an empirical, but realistic upper bound 
is O(N-2), as examples in Section 4 will show. 
REMARK 5. As for circle maps, we emphasize that even for planar maps, in the irrational case, 
we can improve our approximation as we like, increasing f i ,  whereas in the rational case, we can 
get just the exact evaluation of the rotation number and this evaluation does not change at all, 
increasing 2V. This event allows us to detect whether we deal with an approximation of a rational 
or irrational number (of course, until f i / is a machine number). 
Actually the numerical approximation & of the rotation number is computed by the following 
expression: 
& = (ht(1) + ht(fi) + 1) 
(h + k) (5) 
However, when we recognize that one of the two ratios does not change at all increasing f i ,  
we state that we have obtained the exact evaluation of a rational rotation number and the exact 
value is provided by the ratio. 
4. NUMERICAL  RESULTS 
We have already used a first version of our method to study the behavior of the rotation number 
of the delayed logistic map. We presented our numerical results in [1], where we compare them 
with the results by Van Veldhuizen [5] with encouraging conclusions. 
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Here, we consider a linear planar map :x ~ Ax,  where x E R 2 and A is given by the following 
matrix: 
cos  
- s inco  cos co " 
Clearly, the action of A '~ on a vector x is to rotate the vector by an angle nco and then mult iply 
it by )~n. Therefore, the asymptotic behavior of orbits is the following. If )~ < 1, the origin is 
asymptotical ly stable; if ~ > 1 the origin is unstable. 
The case .X = 1 is particularly noteworthy. The orbit through the initial vector xo lies on the 
circle with radius IIxolh centered about the origin. Each orbit on the circle is periodic if co/2?r is 
rational, and dense if co/2rr is irrational. 
We report our numerical results in the following tables with the usual notation. There c~ 
denotes the exact value of the rotation number (which is rounded in the case of irrational number) 
and A = Ic~ -& l .  
For this planar map, the initial point of the orbit and the origin point on the invariant curve 
coincide. Therefore, t = 0 and/~" = N. 
First, we consider the case of rational rotation number. 
(1) w = ~r/4, Xo = [-1 1J r ,  Xo = [~/i-~ v '~ l  r ,  xo = [-1/2 1/21 T, Xo = 
[0.25 - 0.41 -r. 
~e A a B b N 
1/8 1 9 1 8 8 
12 97 1 8 100 
25 201 1 8 200 
(2) ~ = ~/12 ,  ×o = [0.25 - v~]  T 
ae A a B b N 
1/24 0 1 1 14 13 
1 25 1 24 24 
3 73 1 24 100 
We remark that  as soon as N > q, the ratio B/b provides 
rotat ion number.  
Then, we consider the case of irrational rotation number. 
the exact value of the rational 
(i) W = Vr2"~'/2, Xo = [--0.2 0.3] T, Xo = [--I 1] T, tX e --~ 0.3535533906. 
A a B b A N 
0.353562005 35 99 99 280 8.6e-6 300 
0.353554502 204 577 169 478 1.1e-6 1000 
0.353553423 1189 3363 985 2786 3.3e-8 3500 
(2) w = (v~ - 1)Tr, Xo = [0.25 - 0.4] T, Xo = [-1 1] T, ae --~ 0.366025403784. 
A a B b A N 
0.366037735849 56 153 41 112 1.2e-5 200 
0.366026289181 209 571 153 418 8.5e-7 700 
0.366025641026 209 571 362 989 2.4e-7 i100 
0.366025467350 780 2131 571 1560 6.4e-8 3500 
We remark that  exactly the same results are obtained when different initial vectors are chosen, 
while w remains unchanged, as expected. 
We notice that  the rate of convergence is very fast. However, when a relatively small number 
of iterates is added, it can happen that  one of the two ratios A/a or B/b does not change at all. 
This does not mean that  we have obtained the exact rational value of the rotation number,  but  
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it indicates the existence of an "attracting" rational number (e.g., 209/571 in the previous table) 
which is overcome when the number of iterates increases sufficiently. Actually, this event does not 
happen with all the rational numbers which are met in the approximation process. The reason 
for this behavior is still an open problem. However, we can empirically state that if increasing N 
by an order of magnitude, still one of the ratios A/a or B/b does not change at all, then we have 
obtained the exact evaluation of a rational rotation number. 
Finally, we notice that the rational numbers A/a and B/b are always consecutive t rms of the 
Farey sequences, as expected. 
As a second example, we consider the case of the following nonlinear planar map depending on 
one parameter, exhibiting the birth of an invariant circle surrounding the fixed point [10, p. 473]. 
E ] [cos  sin  1 [Xl] 
x2Xl =( ,~__X2 X22) -sin~ coscoj  x2 
The origin is the fixed point of this map for all values of A. The linear part of this map is the 
same as the previous linear map. This nonlinear map has an invariant circle of radius x /~-  1. 
The flow on the invariant circle is a simple rotation with rotation number w/27r. 
In the following table, we report results obtained using the different initial points [0.001 0.001], 
[0.001 - 0.3], [0.015 0.015], [0.02 0.02], [0.03 0.03]. 
Moreover, as the origin point of the invariant curve, we used both the point on the invariant 
curve with the largest absissa and the point with the smallest absissa. 
The results are not affected by the initial point nor by the origin point. 
w =x/3~/2 ,  A = 1.16, t = 405, ae--~0.43301270189222. 
A a B b A 
0.432835820895 16 37 13 30 1.8e-4 50 
0.433035714286 42 97 55 127 2.3e-5 200 
0.433011789925 223 515 181 418 9.2e-7 700 
As we can see, again the rate of convergence is very fast. 
We point out that the same results were obtained using t -- 205. 
As a third example, we consider the diffeomorphism of the plane, suggested by Bruin [11] in 
polar coordinates 
T(r,~o) = ( l  (r +cl -1),~o+ 27ra +c2(1- r)) . 
T has an invariant circle with radius r--l, centered about the origin, which is weakly attracting 
for ct close and larger than 1. Bruin chose ct = 1.001 and c2 =0.01, and so did we. The rotation 
number is equal a, scaled to [0,1). Computing the orbit of (to, ~oo) = (1.3, 0.0), Bruin notices that 
his better method EX does not succeed in converging to the exact value of the rotation number. 
He uses a numerical approximation to the rotation number by means of its continued fraction 
expansion. The following table reports our numerical results obtained using (to, ~oo) = (1.3, 0.0) 
as initial point and t = 2500 for a rational and t = 5500 for a irrational. In the following table, 
AB denotes the errors obtained by Bruin. 
a 9 A As  
0.02 1000 1.9e-3 9.3e-4 
2000 9.5e-4 9.3e-4 
4000 4.7e-4 6.7e-4 
8000 2.3e--4 6.7e--4 
Ir - 3 1000 1.1e--3 
2055 5.3e-4 
4020 2.8e--4 
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We notice that  our method converges, even though very slowly. 
In this example, the ratios A/a  and Bib  fail to be consecutive terms of the Farey sequence, 
because of the accumulated rounding errors produced by approx imated i terat ions of the map. 
Consequently, even in the rat ional  case, we cannot evaluate xact ly  the rotat ion number. How- 
ever, we stil l have convergence. 
All the computat ions were accomplished in double precision and using s tandard sort ing rout ine 
(Quicksort ype) both in Fort ran and in Mat lab with the same results. We have also tr ied to use 
t runcated values of the iterates, but  still the routine implementing the sort ing does not work as 
proper ly  as in the previous examples. Our next studies will focus on this numerical  problem. 
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